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We report a comprehensive study of the complex AC conductivity of thin effectively 2D amor-
phous superconducting InOx films at zero applied field. Below a temperature scale Tc0 where the
superconducting order parameter amplitude becomes well defined, there is a temperature where both
the generalized superfluid stiffness acquires a frequency dependence and the DC mangetoresistance
becomes linear in field. We associate this with a transition of the Kosterlitz-Thouless-Berezinskii
(KTB) type. At our measurement frequencies the superfluid stiffness at TKTB is found to be larger
than the universal value. Although this may be understood with a vortex dielectric constant of
v ≈ 1.9 within the usual KTB theory, this is a relatively large value and indicates that such a
system may be out of the domain of applicability of the low-fugacity (low vortex density) KTB
treatment. This opens up the possibility that at least some of the discrepancy from a non-universal
magnitude is intrinsic. Our finite frequency measurements allow us access to a number of other
phenomena concerning the charge dynamics in superconducting thin films, including an enhanced
conductivity near the amplitude fluctuation temperature Tc0 and a finite dissipation at low temper-
ature which appears to be a universal aspect of highly disordered superconducting films.
PACS numbers: 74.40.+k,74.25.Fy,78.67.-n,78.70.Gq
I. INTRODUCTION
Superconducting fluctuations have been an area of in-
vestigation for many years1,2, yet very many completely
central issues even in conventional superconductors are
not understood3,4. Recently, interest in superconduct-
ing fluctuation phenomena has been renewed and indeed
been thrust under the klieg lights due to focus on the
high-temperature superconductors, where many believe
them to play a central role in the phenomenology of un-
derdoped compounds5–7.
In the usual view, as one approaches the nominal su-
perconducting transition temperature Tc from above,
thermal fluctuations in the amplitude8 of the complex
superconducting order parameter (OP) Ψ = ∆eiφ occur.
If the fluctuations are small, they can be expressed in
terms of a Gaussian approximation within the Ginzburg-
Landau (GL) theory. In such a treatment it is envisioned
that the free energy fluctuations of the OP’s amplitude
inside a coherence volume ξ3 are of order kBT . In the
context of the microscopic theory, this physics can be
found as the Aslamazov-Larkin (AL) contribution to the
conductivity9,10.
In a typical good 3D BCS superconductor such fluc-
tuations occur only vanishingly close to Tc. However
the fluctuation regime can be significantly enhanced for
a thin dirty short coherence length (ξ) superconductor
(thickness d) where the coherence volume becomes dξ2.
In actuality true long range order of a continuous OP
cannot exist for T > 0 in a 2D system, but the ex-
pectation is that there is still a crossover temperature
Tc0 where the superconducting amplitude becomes rel-
atively well defined, although the phase still fluctuates.
It is believed an actual phase transition does not occur
until a possibly much lower temperature where a tran-
sition to a topologically phase ordered state can take
place. Such a so-called Kosterlitz-Thouless-Berezinskii
(KTB)12,13 transition can be written formally in a sys-
tem with 2D xy or U(1) symmetry as a vortex-antivortex
unbinding transition from a state of matter with a gen-
eralized rigidity (the superfluid stiffness) and power-law
correlations to one with no rigidity and only exponential
correlations. Above the transition, the superconducting
phase fluctuates via unbound vortex excitations. It is the
finite superfluid stiffness at low temperature that allows
the phase to assume a well-defined value. The superfluid
stiffness is proportional to the superfluid density and the
expectation is that the KTB transition is typified by a
discontinuous jump in this parameter, which in certain
limits takes on a universal value given by the transition
temperature itself N = 8mpi~2 kBTKTB . It is relatively well
established that a KTB transition with a universal jump
occurs in thin superfluid He4 layers14, although the situ-
ation in thin homogeneously disordered superconductor
films is far from clear.
For the case of superconductors, KTB physics has
been mainly investigated via linear and non-linear DC
transport15–20 where various predictions exist for the
temperature activated resistance and power law of the IV
characteristics. It has been found that the experimental
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2situation is roughly consistent with theoretical predic-
tions, with, for instance, the α exponent of V ∝ Iα a de-
creasing function of temperature until dropping quickly
to become ∼ 3 at a temperature not so far from the
expected TKTB . Measurements of the frequency depen-
dent conductivity should, in principle, allow more spe-
cific tests of theories for various fluctuation regimes and
crossovers between them due to the sensitivity of the
probe to the time scale of the fluctuations themselves.
Moreover, finite frequency measurements lend themselves
to the study of both real and imaginary components of
the charge response which gives more information and
allows a more precise comparison to theory. In relatively
thick films, a few groups have shown via infrared and
microwave transmission in granular or low disorder lead
and aluminum21–24 that there was a region around the
bulk Tc that had superconducting fluctuations consistent
with the dynamic AL amplitude fluctuation form. In
high disorder thin films, using much lower frequencies,
a number of groups have shown a dependence roughly
consistent with the predictions of the dynamic extension
of the KTB formalism18,25–28, although certain discrep-
ancies exist.
So although various aspects of the commonly accepted
picture have been reported, in-depth characterization of
the finite frequency dynamics of both the Gaussian and
vortex regimes have not been made, nor has a clear pic-
ture emerged as to how the system evolves from one
regime of dominant fluctuations to the other, before ul-
timately entering the low temperature phase. Moreover,
it has never been shown whether or not these signatures
of KTB physics actually occur at a superfluid stiffness
given by the universal jump condition and by extension
exactly what the nature of the low temperature state is.
In this paper we present a comprehensive study of the
AC conductivity of highly disordered InOx films at GHz
frequencies. We find that below a temperature Tc0 where
the superconducting amplitude becomes well defined, the
films exhibit a temperature region where the generalized
frequency dependent superfluid stiffness acquires a fre-
quency dependence. We observe that at essentially the
same temperature the DC magnetoresistance becomes
linear in applied field. This is the generic behavior ex-
pected near a KTB transition, however in the present
case it is exhibited at a stiffness well above the predicted
universal value for the inferred TKTB . Although it is
possible to understand this within the usual KTB the-
ory with a vortex dielectric constant of v ≈ 1.9, this
relatively large v may indicate that the vortex fugacity
is too large in such a system for the conventional low
vortex density KTB treatment. This opens up the possi-
bility that at least some of the non-universal value of the
superfluid stiffness at TKTB is intrinsic. At the lowest
temperatures, we continue to observe a finite dissipation,
which we correlate to an inhomogeneous superfluid den-
sity distribution. These results are put in the context of
the considerable existing literature.
II. EXPERIMENTAL DETAILS
For these measurements, high purity (99.999 %) In2O3
was e-gun evaporated under high vacuum onto clean 1mm
thick 19mm wide sapphire discs. Our synthesis meth-
ods are patterned off of the work of Ref.29 where it was
shown that amorphous InOx can be reproducibly made
by a combination of e-beam evaporation of In2O3 and
possibly annealing at low temperatures. This is un-
like films prepared via other methods30,31. Essentially
identical films have been used in a large number of re-
cent studies of the 2D superconductor-insulator quantum
phase transition32–38. Thin machined aluminum masks
were used to pattern the films creating a 200 A˚-thick
3mm-wide circular amorphous film centered on the disc.
Sample deposition was well controlled and for a certain
conditions samples can be made reproducibly33,34. For
structural characterization, we co-deposit two more films
along with the sample: (1) onto a TEM grid for elec-
tron diffraction. (2) for AFM scans. We believe that
the films are morphologically homogeneous with no crys-
talline inclusions or large scale morphological disorder for
the following reasons:
1. The TEM-diffraction patterns are diffuse rings with
no diffraction spots, suggesting amorphous films with no
crystalline inclusions.
2. The AFM images show continuous films with no
voids or cracks and in fact are completely featureless
down to a scale of a few nm (the resolution of the AFM).
3. The R vs T curves when investigating the 2D
superconductor-insulator transition34,37 in these films are
smooth with no re-entrant behavior that is the hallmark
of gross inhomogeneity.
AC conductivity was measured in a novel cryomag-
netic resonant microwave cavity system. The cavity di-
ameter was optimized for performance in the 22 GHz
(~ω/kB = 1.06 K) TE011 mode. A number of other
discrete frequencies from 9 to 106 GHz were accessible
by insertion of an additional sapphire puck (for the low
frequencies) or use of a very short ”pan”-shaped cavity
(for greater than 100 GHz). Our highest operating fre-
quency of 106 GHz corresponds in temperature units (us-
ing ~ω/kB) to 5.09 K, but as we will point out below, us-
ing the BCS relation 2∆/kBTc = 3.53 and the tempera-
ture scale where the amplitude becomes well defined (2.28
K) the threshold for above gap excitation is 158 GHz.
The lack of sample heating was ensured by operating
in regime where the response was independent of input
power. Relations between the resonances’ frequency shift
∆ω and change in quality factor ∆(1/Q) upon sample in-
troduction to the complex conductivity are obtained by a
cavity perturbation technique39–42 (see43 for a very thor-
ough treatment). This standard experimental technique
is based on the adiabatic modification of the electromag-
netic fields in a cavity that arises from the introduction of
a small sample to the interior of the cavity. Our data are
analyzed in the depolarization regime in which the fields
in the cavity penetrate the entire volume of the sample.
3It has been shown that for extremely thin films, only
in-plane AC electric fields or out-of-plane AC magnetic
fields at the sample position can affect an appreciable
change in a cavity’s resonance characteristics44. Samples
were placed along the cavity’s central axis, where due to
symmetry consideration and depending on the particular
TE mode being used, if the electric field is in-plane then
there is a zero out-of-plane magnetic field and vice versa.
Modes with both these field configurations were ex-
ploited in our setup and their analysis differed. The for-
mulas used for analysis will be stated here for complete-
ness in terms of the complex frequency ωˆ ≡ ω0− iω0/2Q.
For the case of an in-plane electric field, the complex
frequency shift is
δωˆ
ω
= −γ 4piσ
∗/ω
1 + n4piσ∗/ω
(1)
where σ∗ is the complex conjugate of the conductivity,
n is the depolarization factor, γ = γ0
Vsample
Vcavity
is a ”filling
factor”, and γ0 is a constant that depends on the par-
ticular mode used. In the present case the sample is so
thin that n is very small (3× 10−6) and so there is only
very weak mixing between components of the complex
frequency shift into the complex conductivity, so that
the real part of the conductivity is largely proportional
to the change in ω0/2Q and the imaginary part of the
conductivity is largely proportional to the shift in ω0.
For the case of the sample being in a perpendicular AC
magnetic field the results are obtained following40
δω˜
ω
= −γχ(ω) (2)
where γ is again the “filling factor” and χ(ω) is the sus-
ceptibility which includes not only the response from lo-
calized electric and magnetic dipoles, but also the re-
sponse from induced AC currents. This is relevant for
our analysis in a magnetic field anti-node since the re-
sponse from the local electric dipole moments will be
zero (electric field node), the local magnetic moments are
zero (non-magnetic material), and so the cavity perturba-
tion is due to the induced currents in the superconductor
which has been fully penetrated by the external rf-field.
Brandt39,45 has worked out the susceptibility for a thin
superconducting disk in a perpendicular DC field due to
in-plane AC currents from a superimposed AC field and
found
χ(ω) = −
N∑
n=1
Cn/Λ
2
n
Ω−1 + Λ−1n
= − 1
γ
δω˜
ω
(3)
where the quantity we wish to extract, namely the dy-
namic conductivity σ(ω) is contained in the normalized
frequency Ω = iωσ(ω) · µ0rd2pi where r is the radius and d
the thickness of the sample. The coefficients Cn and Λn
are given in Ref.40, where it is found that to well within
experimental accuracy, the series can be represented by
a small number of terms. We use 30 elements - as in
previous studies - but in reality many less are actually
needed. With these relations in hand, the complex con-
ductivity can be extracted from the complex frequency
shift. Here also, due to the thinness of the samples, there
is only weak mixing between real and imaginary frequen-
cies into the components of the complex conductivity.
Although theoretical values exist for γ, in practice the
conversions to complex conductivity were made by ad-
justing the free parameters for the two schemes (γ and
n for the E-field case and γ for the B-field case) so that
the AC resistance matched DC data at temperatures well
above the occurrence of superconductivity and using the
expectation that the superfluid stiffness (defined below),
was frequency independent at H=0 and low temperature.
With a unique sample dependent depolarization factor
and γ’s that depend on the particular mode being used
a unique set of normalization factors could be found.
DC resistance was measured on co-deposited samples
in a two-probe configuration by low frequency AC lock-
in techniques using excitation currents of approximately
10nA. The probe’s lead resistances, which have a negli-
gible temperature dependence in the displayed tempera-
ture range, were well characterized and have been sub-
tracted from the displayed data.
III. RESULTS
We are interested in understanding the fluctuation be-
havior of the complex order parameter ∆eiφ as the tem-
perature is lowered towards the superconducting state.
A finite frequency probe has access to this information
because the complex electrodynamic response of a su-
perconductor at experimental frequencies ωexp below the
gap 2∆ can be approximated as σ1 = (pinse
2/2m)δ(ω) +
nne
2τn/m and σ2 = nse
2/mω, where ns (nn) is the den-
sity of superconducting (normal) electrons, τn is the re-
laxation time for normal electrons, and e and m are the
electron charge and mass respectively. We note that, in
fact, in a highly disordered superconductor the contribu-
tion from normal electrons is very small as the carrier
lifetime is very short. In particular, the normal electron
contribution to σ2 is negligible when ωτ  1 as cer-
tainly the case here in our highly disordered material.
As will be shown below, also importantly for our study,
the extremely short normal state lifetime causes even the
above gap contribution to σ2 for ~ω > 2∆ to be below
detectable levels for our experimental frequencies. This
is important and means that our σ2 is still almost purely
due to the superfluid response even at elevated tempera-
tures when the superconducting gap begins to close.
For a fluctuating superconductor one can define σ2 =
ns(ω)e
2/mω where the fluctuation effects are captured
by a frequency-dependent superfluid density ns(ω)
37,46.
A definition as such - or in terms of an equivalent fre-
quency dependent superfluid stiffness (defined below) -
has been the usual treatment within the finite frequency
KTB theory46, where AC measurements allow one to
4probe the system on shorter length scales and reveal su-
perconducting fluctuations even above TKTB .
We begin by examining the DC data, as shown in Fig.
1. We observe a broad region over which the supercon-
ducting transition occurs. The contribution of Gaus-
sian amplitude fluctuations can be obtained by fitting
to the Aslamazov-Larkin DC form. Using the procedure
of Gantmakher38, a lower bound on Tco can be estimated
as the lowest temperature that does not cause an inflec-
tion point in the extracted effective normal state resis-
tance RN (T ) as defined by the full expression for the
Aslamazov-Larkin fluctuation resistivity.
Rmeas =
1
σNd+ σAL2D d
=
1
1/RN +
e2
16~
Tc0
(T−Tc0)
(4)
Within this analysis 2.28K is the best lower bound on
Tc0 and represents the temperature scale below which
the superconducting amplitude is relatively well defined.
Lower values of Tc0 produce a kink in the extracted re-
sistivity, where for instance a Tc0 of 2.2K is clearly too
low as seen in Fig. 1a.
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FIG. 1: (color) DC Sheet Resistance. (a) Temperature de-
pendence showing the broad resistive transition resulting from
fluctuations. The normal state resistance curves are generated
using the procedure described in the text. Tco is believed to
be 2.28 K.
As mentioned above, the imaginary conductivity σ2 is
proportional to the superfluid density, which then sets
the scale for the superfluid stiffness - the energy scale to
introduce phase slips in the superconducting order pa-
rameter. We extract this generalized superfluid stiffness
Tθ (in degrees Kelvin) from the conductivity via the re-
lation σ2 = σQ
kBTθ
~ω (as done similarly recently
7), where
σQ =
4e2
hd is the quantum of conductance for Cooper pairs
divided by the sample thickness. We emphasize that in
our notation Tθ is not a temperature per se, but is an
energy scale expressed in temperature units. Our super-
fluid stiffness is essentially kinetic inductance expressed
in temperature units. We could express this quantity in
any one of a number of equivalents units47 including su-
perfluid density. We prefer this parametrization as it is
unnecessary to make an estimate for quantities such as
the Cooper pair mass. Moreover with these units the
universal jump condition for the KTB transition is of
the particularly simple form 4TKTB = Tθ. The fluctu-
ations of the superconducting state can be captured by
the frequency dependence of the stiffness, which would
otherwise be frequency independent.
In the absence of fluctuations, we expect an accurate
description of the superfluid stiffness would be given by
the dirty limit mean-field BCS theory, which predicts the
onset of superconductivity at a temperature Tc, with a
temperature dependence of σ2(T ) given by
10,48
σ2(T ) =
pi∆(T )
~ω
tanh
[
∆(T )
2kBT
]
(5)
where ∆(T ) = ∆(0)
√
cos
[
pi
2
(
T
Tc
)2]
is the temperature
dependent gap function and ∆(0) = 1.76kBTc
11.
In Fig. 2 we show the temperature dependence of the
superfluid stiffness Tθ measured at various frequencies
alongside the prediction of equation 5. The mean field
curve has been generated by specifying the conductivity
in the normal state σn and then varying Tc to obtain
the best fit to the data at the lowest temperature. We
extract a transition temperature scale of 3.47 K which
we associate with a microscopic scale Tµ where the su-
perconducting transition would occur in the absence of
fluctuations. This very large temperature scale is over
1.6 times the temperature Tc0 where the amplitude be-
comes well defined and over 3 times the scale of the on-
set of phase coherence (defined below) and shows the
paramount role that superconducting fluctuations play
in such a material. We also see that the superfluid stiff-
ness curves progressively approach the mean field curve
at higher frequencies. However, because of the enhanced
role of fluctuations all of the curves approach zero at a
temperature below Tµ.
The experimental curves in Fig. 2 show a broad tem-
perature region characterized by a gentle roll off of the
superfluid stiffness with increasing temperature. We ob-
serve a distinct temperature where the superfluid stiff-
ness acquires a frequency dependence. Within the stan-
dard theory, such an occurrence is indicative of the ap-
proach to a KTB transition. In this model, the zero-
frequency superfluid stiffness is renormalized discontinu-
ously to zero at a temperature TKTB set by the super-
fluid stiffness itself at this temperature. Above TKTB
the system still appears superconducting on short length
scales set by the separation between thermally generated
free vortices and therefore at finite frequencies we expect
the superfluid stiffness to approach zero continuously. As
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FIG. 2: (color) Temperature dependence of the superfluid
stiffness Tθ. The prediction of the dirty BCS model is shown
as a dashed line which goes to zero at Tµ. The lower fre-
quency data show a significant deviation from the mean field
behavior. The temperature where Tθ acquires a frequency
dependence can be identified with TKTB .
TKTB is the temperature where vortices proliferate, in at
least moderate fugacity (a quantity related to the vortex
core potential and defined below) superconductors, the
temperature where the superfluid stiffness curves mea-
sured at different frequencies deviate from each other can
be identified with the approach to TKTB . As mentioned
above, with our units of superfluid stiffness the predicted
transition temperature is TKTB = Tθ/4, which is shown
as a solid line in the figure. We point out here that al-
though a frequency dependence as such is seen in Fig.
2, the stiffness where Tθ acquires its frequency depen-
dence is well above the stiffness predicted to be critical
value. This is presumably due to the finite measurement
frequency. We will expand on this point below.
Using the BCS relation 2∆/kBTc0 = 3.53 and the mea-
sured Tc0 = 2.16 K, all operating frequencies are be-
low the BCS expectation of 158 GHz for above thresh-
old gap excitation. Although at the lowest temperatures
our highest frequency is well below the superconducting
gap, in principle, there can be a normal electron contri-
bution to σ2 from both thermally excited quasiparticles
at T 6= 0 as well as from above gap excitations when
~ω > 2∆ on the approach to Tc. In practice, how-
ever these give a neglible contribution to the response
in a highly disordered superconductor. We can give a
rough estimate of this contribution by a very approxi-
mate calculation. Mangetoresistance measurements on
similar samples have shown that the coherence length is
approximately 6 nm33. As such highly disordered super-
conductors have their coherence length set by the carrier
mean free path, we can take this value to be of the order
of the normal electron scattering length. With a reason-
able estimate for the Fermi velocity (c/200), this gives the
very large effective scattering rate (1/τ) of approximately
200 - 300 THz. This is reasonable based on the high dis-
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FIG. 3: (color) The DC magnetoresistance isotherms showing
a power law dependence on the applied field for temperature,
T = 0.236, 0.499, 0.749, 0.999, 1.250, and 1.497 Kelvin. The
dashed line is a linear fit.
order and large normal state resistivity of our sample.
An estimate based on the normal state Drude conduc-
tivity and using a free electron mass and carrier density
estimated from Hall measurements on similar samples
(1021/cm3)49 gives a magnitude of the same order.
Using this scattering rate, the Drude relations, our
definition of Tθ, and its measured low temperature
value (7.66 K) we can estimate the maximum possi-
ble contamination contribution to the measured stiffness
from ”normal” electrons if all the spectral weight in the
superconducting delta function became subject to nor-
mal state scattering as
Tθ,cont = Tθ[T → 0] (ωτ)
2
1 + (ωτ)2
(6)
At even our highest frequency, this represent a total
contribution of less than 2× 10−6 K, which is far smaller
than our sensitivity. We note that even if we overesti-
mated that effective scattering rate by even a factor of
100 the contamination contribution would only be 0.02
K which is still well below our sensitivity. Hence, the
contribution from “normal” electrons give a completely
insignificant contribution to σ2 and hence Tθ.
As an aside we will note that an order of magnitude es-
timate of the effective superconducting electron density
can be found via the definitions given above using the
free electron mass and the T → 0 limit of Tθ = 7.66
K gives an approximate value of 3 × 1017/cm3 which
can be compared to the Hall effect derived number of
1021/cm349. The effects of disorder are significant in re-
ducing the number of charges that participate in pairing.
Fig. 3 shows the low field magnetoresistance data. We
notice in the isotherms of magnetoresistance there is a
6range of intermediate temperatures above the low field
saturation regime where the resistance changes from con-
cave down to concave up with magnetic field. The con-
dition R(T ) ∝ B for low fields has previously been asso-
ciated with the Kosterlitz-Thouless-Berezinskii temper-
ature TKTB
50 based on the Minnhagen criterion51 and
was applied52 to similar samples of InOx.
Power law fits to the low field data (well above the
saturation regime) of the magnetoresistance (R ∝ Bα)
curves gives a temperature dependent exponent in this
range. An interpolation of the data gives a temperature
of ≈ 1.20K where α = 1. Interestingly, this tempera-
ture is to within the experimental uncertainty of where
the superfluid stiffness acquires a frequency dependence
in Fig. 2. On the basis of the above, we associate a tem-
perature in the range of ≈ 1.15K with a transition of the
KTB type involving vortex unbinding and proliferation
at a non-universal value of the superfluid stiffness.
We also note that the zero-field resistance is finite just
below our inferred TKTB . Such an observation is not
surprising within the usual KTB theory with our non-
neglible excitation current (10nA) and the possibility of
small residual magnetic fields, as the critical current and
field of a 2D superconductor are zero. Finite resistance
below the inferred TKTB has been observed before
16,20,
but is not a universal observation25.
Within the simplest conception of the KTB theory
the transition occurs at a value of the superfluid stiff-
ness given by the above universal jump condition, where
the superfluid density is driven to zero at TKTB by a
cascade of vortex proliferation. As noted above, our fre-
quency dependence is acquired in Tθ at a stiffness that
is in excess of the universal prediction. It is impor-
tant to realize that this prediction is for the zero fre-
quency stiffness (longest length scales) and higher fre-
quency probes can reveal larger values that don’t take
into account long wavelength renormalizations. Hence,
transitions at non-universal values of the bare (shortest
length scales) superfluid stiffness can occur where a large
superfluid stiffness is renormalized downward even be-
low TKTB by thermally excited vortices if the vortex
potential for their activation is low enough. Our finite
frequency measurements allows us to probe the system
on intermediate length scales that are between these two
limits. Within the usual KTB theory, the transition will
occur at a universal value of the renormalized super-
fluid stiffness where the renormalization factor is given
by a vortex dielectric constant 1/v = 1− 2piy0 which in-
corporates the screening effects of intervening thermally
excited vortex-antivortex pairs where y0 = e
−µc/kBT is
the so-called vortex fugacity (related to the thermal ex-
citation probability) and µc is the vortex core potential.
In order that the frequency dependence is observed at a
Tθ of the universal value at TKTB , one must be specifi-
cally in the low vortex density (low fugacity) limit. It is
not clear that thin film superconductors are generically
in this limit.
We can estimate v if we associate our extracted mean
field superfluid stiffness as the unrenormalized bare su-
perfluid value and take as the fully renormalized number
the KTB prediction at the temperature at which the fre-
quency dependence in the superfluid stiffness is acquired.
With this procedure we find a v of 1.9. This can be com-
pared to a value of 1.3 for both simulations of the 2D xy
model53 as well as experiments on thin He4 films14,54.
According to the above fugacity relations this gives a
core potential µc of 2.97K. This core potential is a sum
of core energy and entropy terms µc = Ec + kBT lnN0
where Ec is the core energy and N0 represents the num-
ber of statistically independent sites that two vortices
can occupy within a coherence area and is of the order of
1
2pi . Using this estimate we get a core energy of 0.85K,
which is of the expected magnitude55. An understand-
ing of our results is not impossible within the usual KTB
theory, however this large v is indicative of a relatively
large fugacity. As the usual KTB relations are derived in
the limit of low fugacity and hence low vortex density our
results may mean superconducting films as such are out
of the domain of applicability of the low fugacity theory.
A number of workers have raised the possibility that
if the fundamental assumption of low fugacity is vio-
lated, intrinsically different physics may result, which
may also be consistent with our observations. For in-
stance, Minnhagen and coworkers have postulated an ex-
panded set of KTB renormalization equations valid at
larger fugacities and shown that out of the low fugacity
limit and above a critical value of v ≈ 1.74 the transition
may exhibit different behavior, including a non-universal
jump of the renormalized superfluid stiffness and perhaps
even a first order transition56,57. Such considerations
may be relevant in our case with our v ≈ 1.9. Addi-
tionally it has been proposed58,59 that at large fugacities
vortices may not form bound vortex-antivortex pairs be-
low TKTB and instead, their density is high enough that
they crystalize into a vortex ionic crystal. Superconduct-
ing phase coherence is disrupted by the melting of this
crystal, as opposed to the unbinding of vortex-antivortex
pairs. Some evidence for such lattice formation and sub-
sequent melting exists in numerical simulations60.
Irrespective of its origin, we associate this temperature
determined by both magnetoresistance and AC conduc-
tivity to be the temperature scale where superconduct-
ing phase coherence is destroyed. Our analysis above has
been made possible by the fact that our highest measure-
ment frequencies are large enough to be close to the high
frequency limit (as shown by the negligible frequency de-
pendence between 22 GHz and 106 GHz curves and their
relative closeness to the mean field curve) and thereby
we can measure the unrenormalized superfluid stiffness.
Having established the temperature scales of the vari-
ous fluctuation phenomena in the problem we now discuss
the dissipative response of the real part of the conductiv-
ity σ1 (Fig. 4), focusing our attention on the peak as well
as the low temperature absorption. We interpret this dis-
sipation peak in σ1 as arising from a partially coherent
superfluid, as was conjectured previously in Ref.7. We
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FIG. 4: (color) Temperature dependence of σ1 at 9, 11, 22 and
106 GHz. Note the shift in the peak to higher temperatures
and the decrease in its height with increasing frequency.
observe that this peak, found in the temperature region
of amplitude fluctuations, shifts to higher temperatures
and its amplitude decreases as the frequency increases.
Such an effect is not predicted within the finite frequency
Gaussian AL theory where the peak in σ1 is always at
Tc
2,10.
This behavior may be understood by comparing the
length scale set by the fluctuations and those set by the
frequency of the measurement probe. At very high tem-
peratures, well above the fluctuation regime, there are no
superconducting fluctuations. As the temperature is low-
ered the characteristic length scale for these fluctuations
increases. Higher frequencies probe the system on shorter
length scales, and therefore are able to measure the on-
set of fluctuations at higher temperatures. We would also
like to understand why there is a difference in the height
of the different dissipation peaks at different frequencies
in Fig. 4. This may be understood heuristically by re-
turning to the “dirty BCS theory” mean field curve in
Fig. 2, and noticing that as the temperature decreases
the superfluid stiffness is a rapidly increasing function of
temperature in this range. For a given measurement fre-
quency, the dissipation peak occurs when the timescale
of the measurement probe matches the timescale of the
superconducting fluctuations, and the peak height is pro-
portional to the superfluid at that temperature. Since
this occurs at higher temperature for the higher fre-
quency probes, and the superfluid stiffness is a strong
function of temperature in this range, the peak height is
expected to decrease with increasing frequency.
We can examine this further using a simple relaxation
model61 which attempts to incorporate the observed fre-
quency dependence of σ1(T ) in a simple way
σ˜meas(ω, T ) = σ
DC
N (T ) +
σAL2D (T )
1 + iωτ
(7)
where σ˜meas(ω, T ) is the measured finite frequency
conductivity, σDCN (T ) is the normal DC conductivity (fit
using a 1/T temperature dependent extrapolation61,62)
combined with the DC Aslamazov-Larkin fluctuation
conductivity from equation 4 which appears to be the
substantial contribution to the resistivity in this tem-
perature region. We can use this to parameterize the
data in terms of τ , which can then be compared with the
Ginzburg-Landau result τGL = pi~/8kB(T − Tc0). This
is shown in figure 5.
The basic assumption of this approach is that there
is a contribution to σ1(ω, T ) in this temperature region
which - at zero frequency and temperatures above Tc0
- is described by the Gaussian approximation given by
the DC Aslamazov-Larkin formula in equation 4. We
then expect that the Tc0 extracted from the DC data
should appropriately capture the underlying physics. To
account for the frequency dependence, we assume a re-
laxation model in which the evanescent pairs contribute
to the conductivity for a time τ before decaying back into
normal electrons. As shown in Fig. 5, such a modelling
qualitatively accounts for the frequency dependence as
evinced by the relative collapse of the τ ’s extracted at
different frequencies in Fig. 4. Importantly, we also see
that this treatment gives τ a plateau near Tc0 indicating
a slowing down of the fluctuation dynamics that we are
sensitive to. If, as we believe, the dissipation in this tem-
perature range is largely sensitive to the fluctuations of
the superconducting amplitude then the plateau is con-
sistent with our interpretation that there is a tempera-
ture Tc0 where the amplitude fluctuations become frozen
out. Finally, it is important to note the temperature
where the measured τ equals the inverse of the measure-
ment frequency 1/ω occurs at approximately the same
temperature where we find a peak in the dissipative (σ1)
response in Fig. 4. This supports the notion that the
peak in σ1(T ) arises when the bandwidth of the probing
frequency matches the lifetime of the fluctuations.
Finally, we would like to point out the finite dissipa-
tion (σ1) in Fig. 4 in the limit T → 0, which is not
accounted for by the BCS derived theories of Mattis-
Bardeen10,63 nor Leplae64, which predict that dissipa-
tion disappears for ~ω < 2∆ as T → 0. Anomalous
absorption as such has been seen previously in other
highly disordered superconducting films65 as well as in
Bi-based high-temperature superconductors66 which may
show nanoscale inhomogeneity67. The dissipation in the
case of the Bi-based high-temperature superconductors
was interpreted as a consequence of an inhomogeneous
superfluid density distribution. Such a situation is cer-
tainly a possibility here in our highly disordered films.
We reiterate, however, that our amorphous films are
themselves morphologically homogeneous down to the
lowest measured length scales (nanometers) as detailed
above. It would be interesting to perform an scanning
tunnelling microscopy study to make a detailed compar-
ison with the cuprate superconductors. That any inho-
mogeneity could arise out of films which are essentially
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FIG. 5: (color) τ vs temperature at various given frequencies
extracted via the simple relaxation model in equation 7. Also
shown is the Ginzburg-Landau result using Tc0 = 2.28K. The
dashed horizontal lines mark the timescales set by the vari-
ous probing frequencies, 1/ω. Notice how the τ levels off at
lower temperatures indicating the freezing out of amplitude
fluctuations.
homogeneous on all measurable length scales is the in-
teresting and remarkable aspect. It is perhaps indicative
of an exponential sensitivity to the disorder which in-
evitably exists at the shortest length scales (the materials
are amorphous). This extreme sensitivity to disorder and
dynamically created inhomogeneity is then interesting in
its own right as it is an intrinsic part of the problem68,69.
Similar conclusion about dynamically created inhomo-
geneity have been arrived at previously via DC transport
based probes in similar films29.
We note that such an interpretation need not change
our assumption of a frequency independent superfluid
stiffness at H = 0 and T → 0. These other measure-
ments that have seen low T dissipation (for instance
Ref.66) measure the superfluid stiffness’s absolute value
directly and find that it is frequency independent at low
T. Additionally, we will point out that explicit theoreti-
cal models that treat such a scenario (within an effective
medium granular scenario; for instance Ref.70) with in-
termixed superconducting and metallic grains finds that
the σ2 still has its characteristic 1/ω dependence (and
hence the superfluid stiffness in frequency independent)
for globally superconducting systems. This derives from
the delta function in σ1 at ω = 0 which Kramers-Kronig
constrains the frequency dependence of σ2.
Finally, we point out that as an alternative path to
describing this dissipation, it has been proposed that
dissipative phenomena may be generic in the vicin-
ity of quantum critical points71. In this regard, our
system is not very far in parameter space to the 2D
disorder-tuned superconductor-insulator quantum phase
transition34 and may be effected by this physics.
IV. CONCLUSION
In this work we have established various temperature
scales associated with the crossover between Gaussian
and KTB-vortex fluctuations. We have been able to in-
dependently establish the temperature of a KTB-like vor-
tex unbinding transition by AC techniques which allowed
us to determine where the superfluid stiffness acquired a
frequency dependence, as well as by DC measurements
using the Minnhagen criterion. The magnitude of the
superfluid stiffness disagrees with the prediction for the
universal superfluid jump criterion at TKTB . Although
this can be understood by invoking a relatively large vor-
tex dielectric constant v ≈ 1.9, which can renormalize
the stiffness from a bare value to the universal value, it
is also indicative of a high fugacity, which may invali-
date the low-fugacity assumptions under which the KTB
theory is derived.
We have also shown how the peak in the dissipative
piece of the complex response arises from superconduct-
ing fluctuations near Tc0. In this model, the peak arises
when the timescale of the measurement matches the life-
time of the fluctuations and we have given a simple model
that causes a collapse in the relaxation time measured at
different frequencies. We give a simple picture that de-
scribes this behavior and which shows how the dynam-
ics slow upon passing below the amplitude temperature
scale. Finally, we have discussed how the dissipative piece
of the complex conductivity can be understood as arising
from an inhomogeneous superfluid.
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